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Abstract 



Y^ An algebraic method for pseudo-Hermitian Hamiltonian systems is proposed through intro- 

■^—> ' 

C3 ■ ducing the operator r^+ and the ?7+-pseudo-Hermitian adjoint of states and then redefining 

^ I annihilation and creation operators to be r^^-pseudo-Hermitian (not Hermitian) adjoint of 

^^' each other. As an example, a parity-pseudo-Hermitian Hamiltonian is constructed and an- 

alyzed in detail. Its real spectrum is obtained by means of the algebraic method, where the 
^ . corresponding operator rj+ is found to be PV through a specific choice of V. The operator 

t^^ ■ V is given in such a way that on the one hand this P-pseudo-Hermitian Hamiltonian is also 

t;;-j- ■ Py-pseudo-Hermitian self-adjoint and on the other hand PV ensures a real spectrum and a 

f"-- ■ positive-definite inner product. Moreover, when the P-pseudo-Hermitian system is extended 

to the canonical noncommutative space with noncommutative spatial coordinates and non- 
commutative momenta as well, the first order noncommutative correction of energy levels 
is calculated, and in particular the reality of energy spectra and the positive-definiteness of 
inner products are found to be not altered by the noncommutativity. 
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1 Introduction 

A non-Hermitian Hamiltonian with a complex potential usually corresponds to complex 
eigenvalues and such a system does not maintain the conservation of probability. However, 
the non-Hermitian Hamiltonian with a class of quasi- Hermiticity was proposed p^j in which 
the real eigenvalues and the conservation of probability are possible. Recently the eigenvalues 
and eigenstates of a non-Hermitian Hamiltonian associated with some symmetry have been 
paid more attention to. Interestingly, if the ?7-pseudo-Hermitian self-adjoint condition [2] is 
satisfied, 

H = r]-^H^r], (1) 

where the invertible operator r] is linear Hermitian and the Hamiltonian H is diagonalizable, 
this Hamiltonian has a set of biorthonormal basis [3]. The Hamiltonian with such a symmetry 
is called an r^-pseudo-Hermitian Hamiltonian [21 HI |5l |6] . Therefore, one can deal with the 
pseudo-Hermitian system in terms of the biorthonormal basis. In recent years the pseudo- 
Hermiticity has been investigated extensively. For instance, in the aspect related to the 
PT-symmetric quantum mechanics [7] , the PT-symmetric Hamiltonian was shown [H |5l |6] 
to be equivalent to the parity-pseudo- Hermitian one. In addition, some experiments [H |9] on 
PT-symmetric (parity-pseudo-Hermitian) Hamiltonians have been carried out in the region 
of optics. 

Roughly speaking, there exist two methods which are used to study an ordinary (Her- 
mitian) Hamiltonian system. The usual one focuses on solving the Schrodinger equation 
under certain boundary conditions in order to have eigenvalues and eigenstates. The associ- 
ated calculations are complicated sometimes. The other method, which is useful for dealing 
with the systems such as the harmonic oscillator, is associated closely with annihilation and 
creation operators and their algebraic relations, and therefore it may be called an algebraic 
method. Nevertheless, in the quantum mechanics with non-Hermitian Hamiltonians, the for- 
mer method is commonly adopted in literature, see, for instance, the review article [10], while 
the latter, i.e. the algebraic method cannot be utilized directly because some parameters in 
a non-Hermitian Hamiltonian are complex. Such a complexification of parameters gives rise 
to the result that the annihilation and creation operators of the non-Hermitian Hamiltonian 
are no longer Hermitian adjoint (conjugate) of each other. Fortunately, a non-Hermitian 
Hamiltonian is usually connected with a certain symmetry of pseudo- Hermiticity with which 
one can apply the algebraic method to deal with the non- Hermiticity. In this paper we give a 
general proposal of algebraic methods for pseudo-Hermitian Hamiltonian systems, and as an 
application we construct a parity-pseudo-Hermitian Hamiltonian and analyze its spectrum 
and inner product, and further extend this system to the canonical noncommutative space. 
We shall show that our way can in principle be applied to an arbitrary r]-pseudo-Hermitian 
system. 



This paper is organized as follows. In the next section, we propose our algebraic method 
for an arbitrary r^-pseudo-Hermitian system by postulating the existence of ?]+ operatoia 
(see also footnote 5 in section 2 for more details), by defining the generalized inner product 
with respect to ?]+, and then by redefining annihilation and creation operators which are 
?7+-pseudo-Hermitian adjoint of each other. We shall see that the key step of this method 
is to give a suitable ?]+ which not only makes the original T^-pseudo-Hermitian self-adjoint 
be raised to the ?7+-pseudo-Hermitian self-adjoint but also leads to a real spectrum with 
lower boundedness and a positive-definite inner product. In section 3, as an application of 
our proposal, we construct a parity-pseudo-Hermitian Hamiltonian and give a specific choice 
of r^+ = PV through introducing the operator V. Then we redefine the annihilation and 
creation operators in such a way that they are Pl/-pseudo-Hermitian adjoint of each other 
in this pseudo-Hermitian system. We obtain a real energy spectrum and a positive-definite 
inner product. In addition, we can verify that our P-pseudo-Hermitian Hamiltonian is also 
Py-pseudo-Hermitian self-adjoint, which provides the consistency of choosing PV as r]^. In 
section 4, the P-pseudo-Hermitian Hamiltonian is extended to the canonical noncommuta- 
tive phase space with noncommutative coordinates and momenta as well. We calculate the 
noncommutative correction of energy levels up to the first order of noncommutative param- 
eters, and in particular we work out an interesting result that the reality of energy spectra 
and the positive-definiteness of inner products are not altered by the noncommutativity of 
phase space. Finally, we make a brief conclusion in section 5. 

2 Algebraic method for 77+-pseudo-HerrQitian systems 

Let us now give our proposal of the algebraic method for an arbitrary T^-pseudo-Hermitian 
system under the prerequisite that this system will also be r^+-pseudo-Hermitian self-adjoint 
(see footnote 1). The key step of this method is to find out the operator r;+ which can give 
positive-definite inner products [1]. We note that the proposal is quite general. 

At first, the condition that an r/^-pseudo-Hermitian observable A should obey takes the 
following form [2l|6l[ll], i.e. the r^^-pseudo-Hermitian self-adjoint condition, 

A = A^^V+'A^V+, (2) 

where the subscript "+' means that 7^+ associates with a positive-definite inner product in 
the pseudo-Hermitian system, and the superscript "|" stands for the ?7_|.-pseudo-Hermitian 
adjoint of an operator. The ?7+-pseudo-Hermitian adjoint of a state is defined by 

^ip{x)\^{v{x)\v+, (3) 



^In general, 77+ does not coincide with 77. In our model 77 is just the parity operator but 77+ is set to be 
PV where V is obtained quite nontrivially. For the concrete procedure, see eqs. (1^51) and (P5|) . 



where {f{x)\ denotes the usual Hermitian adjoint of the state \(f{x)), {(p{x)\ = (|(/?(x)))"l', and 
then the modified inner product in the Hilbert space for an ?7+-pseudo Hermitian Hamiltonian 
system has the form, 

Hipix)mx)) = {ipix)\v+mx)), (4) 

which can be understood as a generahzed inner product. Since i] was called by Pauli [2] the 
indefinite metric in the Hilbert space, 77+ is then called the positive-definite metric because 
it gives rise to [H [12] a real and positive-definite norm or probability, {ip{x)\rj^\il:{x)). Note 
that the operator rj^ is in general required [21 HI [5l [6] to be linear Hermitiaio and invertible, 
which ensures not only the reality of the average of physical observables but also the reality 
and positivity of the probability. In addition, we emphasize the consistency of the self- 
adjoint condition and the generalized inner product. That is to say, the self-adjoint condition 
(eq. dl])) guarantees that the average of A is real |2j with respect to the modified inner 
product (eq. (jl])), and simultaneously it implies that A is self-adjoint with respect to this 
modified inner product, i.e., ^{A(f{x)\ip{x)) = ^{lp{x)\A4'{x)). We point out that it is the 
requirement of positive norms that makes it a quite nontrivial task to find out a suitable 77+ 
for an 7]-pseudo- Hermitian Hamiltonian, see the two sections below for a detailed analysis. 

Next, we define the new creation operator (which is different from that of the Hermitian 
quantum mechanics) as the r^+-pseudo-Hermitian adjoint of the annihilation operator as 
follows: 

a} = 7]^^ a' 7]^. (5) 

Note that the new creation and annihilation operators are r/^-pseudo-Hermitian adjoint of 
each other, that is, we havqfl o = {a^Y- In addition, we can prove that a and a^ are 77+- 
pseudo- Hermitian adjoint of each other with respect to the generalized inner product eq. 01]), 
that is, considering eqs. (jl]) and ([5]) we get 

^aip{x)\-^{x)) = {ip{x)\a^r]+\ij{x)) = {(p{x)\7]+ {v+^a^v+) l^(a^)) = {Ax)\r]+a^'ilj{x)) 
= \ip{x)\a^ij{x)). (6) 

This shows that the generalization of the creation operator is consistent with that of the inner 
product. The formula a = (a^)^ reduces to the one we are quite familiar with, i.e. a = {a^Y , 
when ?7_|_ takes the identity operator, i.e. when an ?7_(.-pseudo-Hermitian system turns out to 
be a Hermitian one. Considering the well-known commutation relations satisfied by the usual 
annihilation and creation operators in the conventional quantum mechanics, we require that 
the newly defined annihilation and creation operators in the r^+-pseudo-Hermitian quantum 



^In our recent work [12] we discuss the anti-linear anti-Hermitian case and obtain some interesting results. 
■^It is easy to verify this equality, that is, {a^)^ ~ rj^ {rj^ o-^V+) 1+ = V+ V+'^V+ 1+ ~ ^^ where the 
Hermiticity of 77+ has been utilized. 



mechanics comply with 

[a, a^] = 1, [a, a] = = [a^, a*], (7) 

which reduces consistently to the usual commutation relations when rj^ becomes the identity. 
At last, we define the corresponding number operator in the pseudo-Hermitian quantum 
mechanics as follows: 

N = a^a, (8) 

which, as a physical observable, is of course r^^-pseudo-Hermitian self-adjoinci, i.e. A^"'- = A^. 
We can also prove that the number operator A^ is simultaneously self-adjoint with respect 
to the generalized inner product (eq. (jl])), i.e., 

HNif{x)\^{x)) = {if{x)\N^r]+\ilj{x)) = {^{x)\r]+ {v+'N^V+) \H^)) = {ip{x)\r]+N^ij{x)) 
= ^cpix)\Nij{x)). (9) 

Using eqs. (171) and ([H]), we can verify the following commutation relations in the pseudo- 
Hermitian quantum mechanics, 

[N,a^] = a\ [N,a] = -a. (10) 

As a consequence, we establish the algebraic method for an T/^-pseudo-Hermitian system. 
The remaining task is just to deduce some useful formulas, such as the n-particle state and 
the ladder property of creation and annihilation operators. Incidentally, we mention that the 
above proposal reduces consistently to that of the ordinary (Hermitian) quantum mechanics 
when 7/+ becomes the identity operator. 

Let us derive the n-particle state. If |0) stands for the ground state and a annihilates 
the ground state, a|0) = 0, we calculate the average of a"(a"'")" with respect to the ground 
state and its ?7+-pseudo-Hermitian adjoint (see eq. (|3])) by repeatedly using eq. ([7]), 

*(0|a"(a^)"|0) 
= *(0|a"-ia^a(a^)"-^|0) + *(0|a"-^(a*)"-^|0) 

= *(0|a"-^(a*)"a|0) + n^(0|a"-i(a^)"-^|0) 

= n*(0|a"-^(a*)"-^|0) 

= n(n-l)*(0|a"-2(a*)""2|o) 

= n!^(0|0). (11) 



"'Considering eqs. (O and dS]), we have N^ = [rj^^a^rj+aj = rj^^ (77^ ^ a ''77+ a) ' 77+ = ■q^^a^-q+arj^^rj^ = 
a^a — N, where the Hermiticity of 774- has been used. In general, the number operator is non-Hermitian for 
an 77_(.-pseudo-Hermitian system, i.e. N^ ^ N. We can check that on the one hand N^ = 7]+Nri^^ ^ N 
because of [iV, 77+] ^ 0, and on the other hand {Ntp{x)\'ip{x)) = {ip{x)\r]+Nri^^\'ip{x)) ^ {ip{x)\N^{x)). See 
the following two sections for the details. 



If \n) is defined by 



\n) ^ 4t(«^)"|0)' (12) 

\/n\ 



we obtain its 77+-pseudo-Hermitian adjoint by using eqs. (E]) and ([5]), 

Kn\ = (0|4t((«^)")V = (Ol^T^+a" = \^\^a\ (13) 

ynl \/n\ vnl 



Therefore, we can rewrite eq. ( ITTj) as 

Un\n) = ^(0|^a"(a^)"|0) = ^(OlO). (14) 

Moreover, by using eqs. ([7]), (jHD and (IT^ and considering a|0) = again, we derive 

N\n) = ^a*a(a*)"|0) 
vn! 



^ (a^)2a(a^)"-^|0) + ^(a*)"|0) 



n! v?^! 



— ^a^)"+ia|0)+r2^(a^)"|0) 



= ri|?2). (15) 

Combining eq. ([H]) and eq. ( !T5|) . we obtain 

^(ri|Ar|ra) = ra*(n|ra) = ra^(0|0). (16) 

Consequently, if the ground state is normahzeco with respect to the generahzed inner product 
(eq. (jl])), i.e. "'■(0|0) = 1, the state defined by eq. ( TT2|) is convinced to be the expected n- 
particle state and the operator A^ defined by eq. ([8]) is then confirmed to be the desired 
number operator. 

Now we calculate the the ladder property of creation and annihilation operators. It is 
straightforward from eq. (TT2l) that we have 

1 / txn+1,^^ Vn+1 



a^n) = ^(a^)"+i|0) = ; (a^)"+MO) = V^TTTln+l). 



^As claimed above, it is crucial to keep the generalized inner product (eq. (j4])) positive definite for an 
77-pseudo-Herniitian system. This is equivalent to maintaining the norm of the ground state positive definite, 
see eq. ((H]). This requirement leads us to look for a suitable 77+ which not only has the property "'"(OjO) — 1 
but also makes the 77-pseudo-Hcrmitian system 77-)_-pseudo-Hermitian self-adjoint. In the next two sections 
the exact forms of 77+ operators will be provided for our models. We mention that rj is just the parity 
operator P in our models and thus cannot be separated to the product of an operator O and its Hermitian 
adjoint O^. In such a case, the positiveness of {ip{x)\P\iJj{x)) is not ensured. That is the reason why it is 
crucial for us to find out a positive-definite metric 77+ . However, if r/ is separable, i.e. 77 = 00\ the norm 
{tp{x)\00'^\ip{x)) is positive definite (see refs. [H [5j |6| for illustrations). In this case, it is not necessary to 
introduce 7/+. 
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Multiplying the above equation by the operator a from the left and using eqs. (ITj), ([H]) and 
( ITSll . we get 

aa^\n) = (a^a + l)\n) = {N + l)\n) = (n + l)\n). 

Combining the above two equations, we obtain a\n + 1) = y/n + l\n). As a result, we give 
the following ladder properties for the operators a^ and a, respectively, 

a^\n) = y/n + 1 |n + 1), a|n) = -y/n |n — 1), (17) 

which indeed shows that a^ has the function of creation and a that of annihilation as expected. 
In addition, we emphasize that the unitarity of time evolution is guaranteed with respect 
to the modified inner product (eq. (HI)) in the 77+-pseudo-Hermitian quantum mechanics. 
Considering the r^^-pseudo-Hermitian self-adjoint of the Hamiltonian, i.e. H = rj^^Wri^, 
and the time evolution of an initial state \ip{Q)), \ip{t)) = e~*^*|'?/'(0)), we have 

Hm\m) = (V^(t)|77+|VXi)) = (^(0)|e+^%+e-^*|^(0)) 

= mO)\v+iv:;-'e^'"\+)e~''''mO)) = (V'(0)|^+(e+^^*)e-^^*|^(0)), 

= (^(0)|r7+|V^(0))^ ^(^(0)1^(0)), (18) 

which gives the unitary time evolution. 

As a summary, we point out that the characteristic of our algebraic method is not to 
introduce the biorthonormal basis but only to adopt the orthonormal basis of Hamiltonians. 
Although the biorthonormal basis has extensively been applied [H |5l [6] to pseudo-Hermitian 
Hamiltonian systems, it is interesting to investigate whether the usual treatment (to consider 
just the orthonormal basis of Hamiltonians but not that of the Hermitian conjugate of 
Hamiltonians) is still available to such non- Hermitian systems. Our way to realize this goal is 
to find out a suitable operator rjj^^ and then to redefine the annihilation and creation operators 
that are adjoint of each other with respect to the generalized inner product (eq. (j4j)). For 
the concrete procedure, see the next two sections. We emphasize that the operator 77+ 
is in general nontrivial, that is, it is impossible to reduce 77+ to be the identity through 
a basis transformation because the Hamiltonian of an 77-pseudo-Hermitian system is no 
longer Hermitian (self-adjoint) with respect to the usual inner product: {Hip{x)\ilj{x)) 7^ 
{ip{x)\Hi/j{x)), but 7]+ -pseudo- Hermitian self-adjoint with respect to the generalized inner 
product (see eqs. ([3]) and (jll)): ^{Hip{x)\i/j{x)) = ^{ip{x)\Hi/j{x)). 

3 Parity-pseudo-Hermitian system 

In this section we investigate a concrete non- Hermitian Hamiltonian with the parity-pseudo- 
Hermiticity by means of the algebraic method provided in the above section. We add two 



non-Hermitian terms which are proportional to i{xi + X2) and i{pi +P2), respectively, to the 
Hamiltonian of an isotropic planar oscillator, and then give a new Hamiltonian: 

H = - {pl + xl) + -{pl + xl)+i[A{xi + X2) + B{pi+p2)], (19) 

where A and B are real parameters; Xj and pj, j = 1, 2, are two pairs of canonical coordinates 
and their conjugate momenta, they are all Hermitian and satisfy the standard Heisenberg 
commutation relations: 

[xj,pk] = iSjk, [xj,Xk] = = [pj,Pk], j,k = 1,2, (20) 

where h is set to be unity. Eq. ( IT9l) describes a decoupled two-dimensional oscillator. This 
Hamiltonian seems to be too simplqj, and normally it is enough for us to analyze its one- 
dimensional part in this section. However, this is a good enough model for us to illustrate 
our algebraic method. In particular, the decoupled oscillator will turn out to be a coupled 
(nontrivial) two-dimensional oscillator when it is extended to the noncommutative space 
in the next section. That is the reason why we choose such a decoupled two-dimensional 
oscillator in this section. 

The Hamiltonian eq. f fT9|) is obviously non-Hermitian, H 7^ H"^, but it possesses the 
parity-pseudo-Hermiticity, 

H = P-^H^P, (21) 

where P is the parity operator which is linear Hermitian and invertible. Furthermore, we 
notice that the Hamiltonian can easily be diagonalized and rewritten as 

H = Hi + H2 + {A^ + B^), (22) 



where the new variables are defined by 




H,^\{Pl + Xll 


H2^\{P'2+Xl 


Pi=Pi+ iB, 


Xi = xi + iA, 


P2=P2 + iB, 


X2 = X2 + iA. 



(23) 

Eq. (I22I) . together with eq. (123|) . looks like the usual Hamiltonian of a decoupled two- 
dimensional harmonic oscillator, but in fact, it is not the case because Xj and Pj are non- 
Hermitian, Xj 7^ Xj and Pj 7^ P- , although they satisfy the same commutation relations as 
eq. m. 

[Xj,Pk] = i5jk, [Xj,Xk]=^ = [Pj,Pkl J,k = l,2. (24) 



^Several highly nontrivial models have been studied in our work |12[ll3j by means of the algebraic method 
proposed in the present paper. 



Now we begin the investigation of the P-pseudo-Hermitian system governed by the 
Haniihonian eq. ( JTOll or eq. (l22l) . We shall see that the key point is to give a suitable 
?7+ for the system. 

After making numerous attempts and tedious calculations, we find out a two-step way for 
the construction of the desired operator 77+. In the first step, inspired by Lee and Wick [H], 
we define operator V as follows, 

V={-lf^+^^-\ (25) 

which is invertible. Note that here V is P-pseudo-Hermitian self-adjoint, i.e., V = P^^V'^P, 
which is different from the case in ref. [H] where a Hermitian operator was introduced. 
Moreover, we point out that V is defined in terms of the Hamiltonian, which is more intu- 
itive than the definition of the corresponding operator C [7] in the PT-symmetric quantum 
mechanics, see our related work [13j for the details. Then, in the second step we set 77+ to 
be the product of P and V, 

V+ = PV, (26) 

which is linear Hermitian and invertible. Note that V is linear non-Hermitian because Hi and 
H2 are non-Hermitian. It is easy to prove the Hermiticity of 77+ by considering the P-pseudo- 
Hermitian self-adjoint oi V {V = p-^V^P), that is, r]l = ytpt = p(p-^V^p) = PV = ?]+. 
In addition, because 77+ is related to the Hamiltonian through V the generalized inner product 
with respect to this 77+ (see eq. (jl])) can be called a dynamical inner product as the CPT 
inner product [7] was called. 

Using the above 77+ we now define the operator a- as the PV^-pseudo-Hermitian adjoint 
of the operator a^, i.e. aj = {PV)^^aj{PV). Considering eqs. (I23l)-(l26l) we obtain 

a] = ^iX,-tP,), J = 1,2, (27) 



if ttj takes the form. 



aj = ^iXj + iP,), J = 1,2, (28) 



V2' 
and further derive their algebraic relations, 

[aj, 4] = Sjk, [aj, flfc] = = [aj, aj.], j, k = 1,2. (29) 

In the following, we shall show that a- and aj are indeed the creation and annihilation 
operators we are searching for by confirming the positiveness of the inner product with 
respect to PV. 

In accordance with the proposal given in the above section, we can now write the number 
operatoiLj which is Py-pseudo-Hermitian self-adjoint, 

N,=a]a„ J = 1,2, (30) 



^Repeated subscripts do not sum except for extra indicatfons. 



and get the expected commutation relations by using eqs. ( 12^ and (150]) . 



[Nj, 4] = a\jSjk, [Nj, ak] = -ajSjk, j, k = 1,2. (31) 

Furthermore, given \nj) a set of eigenstates of the number operator Nj, 

N,\n,)=n,\n,), j = l,2, (32) 

if its inner product defined by eq. (jll) is positive definite, aj and aj can finally be convinced 
to be the creation and annihilation operators that satisfy the property of ladder operators. 



At present we verify that the generalized inner product defined by eq. dl]) is positive 
definite for our choice ?]+ = PY . Due to eq. ( !T6|) . we only need to prove the normalization of 
the ground state, (0|Py|0) = 1. Utilizing eqs. ([25]), ([27]), (|28]), ([30]) and ([32]), we have y|0) = 
(_l)ffi+H2-i|o) = (-l)^i+^2|0) = |0), and thus obtain (0|P\/|0) = (0|P|0). Furthermore, 
considering the wavefunction of the ground state, (yCo(-^i) = ^^^Pl^l^'^i ^ ^Xj), where 
j = 1,2, and Xj's are the coordinates whose operators are defined by eq. (123]) . we can 
calculate the generalized inner product with respect to the ground state in terms of the 
Cauchy's residue theorem of the complex function theory (see Figure 1 for the details), 

jp.ix,) p MXj) dx, 

-oo+iA 



-oc+iA 

"+oo+iA 



1 ^+00+«A 

—= / exp [— {xj — iAy~\ d {xj + iA) 

1 r+oo 

—= / exp (—x^-) dxj 



= 1, J = 1,2, (34) 

where Tp^ denotes the complex conjugate of ip^. Note that the symbols Xj and Xj in the 
above equation no longer stand for operators but coordinates. Eq. (IMj) definitely gives the 
normalization of the ground state, which, together with eq. ( IT6l) . leads to {nj\PV\nj) = 1, 
where j = 1,2. That is, we at last prove the positive definiteness of the generalized inner 
product (defined by eq. ([!])) for the set of eigenstates of the number operator (given by 
eq. ([30])). 

Alternatively, by using Mathematica we can exactly solve the wavefunctions for any 
excited states related with the Hamiltonian eq. (TT9]) or eq. (122]) : 



LPnin2{Xi,X2) = (^n^ (Xi)v9„2 (X2) , (35) 

where 



^n,iX,) = i^(2"^>^,!)-^ e-^^.^+^^^ H^^iX,), J = 1,2, (36) 
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{-L,iA) 



Imaginary axis 




Real axis 



Figure 1: We choose the rectangle with length L and width A in the complex plane as the 
contour. Inside the rectangle the integrand Tp^^x + iy) P ipo{x + iy) is analytic, i.e. no singular 
points exist, thus the contour integration is zero by means of the Cauchy's residue theorem 
in a simply connected domain. The integrations along the two perpendicular (right and left) 
sides equal exp(— L^) J^ exp(y^) [—sin{2Ly) ± icos{2Ly)] dy, they are also vanishing when 
the length L tends to infinity. In consequence, the integrations on the top and bottom sides 
of the rectangle equal if along the same direction and in the limit L — t- oo, as given explicitly 
by eq. (ET 



and Hn (Xj) denotes the Hermite polynomial of the Uj-th degree with the argument Xj 
whose operator is given in eq. f l23|) . Therefore, by considering V^pniXj) = {—l)'^^Lpn,{Xj) 
and using the same contour as in Figure 1 we can prove that the inner product for oscillator 
^1 or oscillator ^2 is orthogonal and normalized, i.e.. 



hoo+iA 



Tp„^iX,)PV^^^iX,)dX, = 5., 

-oo+iA 



rij rrij ; 



J = 1,2. 



(37) 



This shows from an alternative point of view that the positive definiteness of the inner 
product is guaranteed. 

As a result, using eqs. ( 1271) . ( 1281) and ( l30l) we can easily rewrite the Hamiltonian eq. ( 122|) 
in terms of the number operators as follows: 



H = {Ni + N2 + I) + [A^ + B^), 
and then give its real and positive spectrum. 



En,n^ = {ni + 712 + 1) + (^^ + B^ 



ni,n2 = 0,1,2, 



(38) 



(39) 



In an alternative way, we can get the same spectrum eq. fl39|) if we let the Hamiltonian 
eq. ( I38l) act on the eigenfunction eq. (l35ll . 
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At the end of this section we point out that the system with the original P-pseudo- 
Hermitian symmetry also has the Py-pseudo-Hermiticity, i.e. H = {PV)~^ H'' {PV) . This 
property is quite obvious when we verify it by using eqs. fl22|) -( l25|) . that is, (PV)^^ H'^ (PV) = 
V-\P-^WP)V = V-^HV = H, where [H,V] = is used in the last equality. This 
shows that the Py-pseudo-Hermiticity is a consistent symmetry (the prerequisite is met, 
see the beginning of section 2) for the non-Hermitian quantum system governed by one of 
the Hamiltonian formulations eqs. ( 1T9l) . ( I22l) and ( l38l) . We conclude that this Pl^-pseudo- 
Hermitian system possesses a real spectrum with lower boundedness and a positive-definite 
inner product and thus it is an acceptable quantum theory. 

4 Noncommutative extension of the system 



In the 1930s, Heisenberg [15] proposed a kind of lattice structures of spacetimes, i.e. the 
quantized spacetime now called the noncommutative spacetime, in order to overcome the ul- 
traviolet divergence in quantum field theory. Later Snyder [I6] applied the idea of spacetime 
noncommutativity to construct the Lorentz invariant field theory with a small length scale 
cut-off. Since the Seiberg-Witten's seminal work [V7\ on describing some low-energy effec- 
tive theory of open strings by means of a noncommutative gauge theory, the physics founded 
on noncommutative spacetimes has been studied intensively, see, for instance, some review 
articles [18]. As a result, it is quite natural to ask how an ?]_|_-pseudo-Hermitian Hamiltonian 
behaves on a noncommutative space. That is, it is interesting to investigate whether the ?7+- 
pseudo-Hermitian symmetry, real spectrum and positive-definite inner product of the system 
remain or not when the pseudo-Hermitian system is generalized to a noncommutative space. 
Incidentally, one of the authors of the present paper established [I9] a noncommutative the- 
ory of chiral bosons and found that the self-duality that exists in the usual chiral bosons is 
broken in the noncommutative chiral bosons. 

We consider a general two-dimensional canonical noncommutative space with noncom- 
mutative spatial coordinates and noncommutative momenta as well, 

[xj,Xk] = iOejk, [PjiPk] = iOejk, [xj,Pk] = iSjk, j,k = 1,2, (40) 

where ei2 = —£21 = 1, and 9 and 9 independent of coordinates and momenta are real 
noncommutative parameters which are much smaller than the Planck constant. Therefore, 
we generalize our system (eq. flT9|) ) to this noncommutative space in a straightforward way, 

H = -{pI + xI) + - {pI + xl)+i [A {xi + X2) + B (pi +P2)] . (41) 

In accordance with the commutation relations in the two spaces, i.e. eqs. (1201) and (HOl) . we 
establish the following relationship between the commutative and noncommutative spaces 
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up to the first order of 6 and 9, 

% ~ ^j ~ T^^^jkPk, Pj = Pj + TT^'ejfcXfc, (summation for repeated subscripts), (42) 

and then rewrite eq. (HT!) in terms of the coordinates and momenta of the commutative space 
still up to the first order of 9 and 9, 

n = -{pl + xl)+-{pl + xl)+^[A{x^+X2) + Bip^+p2)] 



+ 2^^ + ^) (^2Pi - 2:1^2) - i 



-B9 {xi - X2) - -A9 {pi - P2) 



(43) 



The last two terms in the above Hamiltonian give the noncommutative corrections, where 
the first that presents the coupling of the two one- dimensional oscillators is Hermitian while 
the second is not. Note that the original P-pseudo-Hermiticity obviously remains in the 
noncommutative extension, i.e. H = P~^WP or "H = P'^T-OP, which can easily be seen 
from eq. (|4T]) or eq. ( H3l) . However, we point out that eq. (1411) is symmetric under the permu- 
tation of dimension "l and dimension "2 while eq. ( H3|l does not possess such a permutation 
symmetry because the relationship between the commutative and noncommutative spaces 
(eq. ( l42l) ) breaks this symmetry under the first order approximation to the noncommutative 
parameters. 

After carefully analyzing eq. ( I43l) and making a lot of attempts we introduce new variables 
as follows: 

Vi=pi + iBi, A*! = xi + Ml, 

V2=P2 + iB2, X2 = X2 + lA2, (44) 

where new real parameters Aj and Bj, j = 1,2, are defined by 

Ai = A + -B9, A2 = A- -Be, 

Bi = B- ^A9, B2 = B + ^A9. (45) 

The new variables are non-Hermitian like that in the commutative case (see eq. f l23|) ) but 
they satisfy the same commutation relations as eq. (120|) or eq. (1M|) . 



[X,,Vk]=i6jk, [Xj,Xk] = 0=[Vj,Vk], j,k = 1,2, (46) 

which is very important in the noncommutative extension. Therefore, we can realize the 
partial diagonalization of eq. f H5]) in terms of the new variables up to the first order of 9 and 
0, 

n = ]^{Vl + Xl) + i(P| + Xi) + ]^{9 + 9){X2V, - X,V2) + {A^ + B'). (47) 
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We note that the third term in eq. (1471) gives the first order correction to the noncommutative 
parameters. This term describes the couphng of oscillator "l and oscillator "2 and thus needs 
to be dealt with particularly. 

Following the procedure stated in the above section for searching for the operator V and 
furthermore considering in particular the coupling term appeared in eq. P7|) . we at first find 
out the corresponding operator V for the noncommutative case, 

V = (_i)«i+^2-i^ (48) 

where Ti/s are defined as 

^^• = ^(^1 + '^')' ^■ = 1'2- (49) 

Note that V is linear and invertible but non-Hermitian, and it is also P-pseudo-Hermitian 
self-adjoint as V (see eq. (125]1 ). i.e. using eqs. ( H^ . ( HSj) and ( H^ we have P^^V^P = 
P^-'^(— l)^i+^2^ip = ^—i'j'Hi+'H2-i — y Then we give the expected operator i]^ as follows, 

V+ = PV, (50) 

which can be proved to be Hermitian though V is not. Considering the P-pseudo-Hermiticity 
of V, we have r^J. = V+Pt = P{p-^V^P) = PV = 7]+. 

We can now define a^ as the PV-pseudo-Hermitian adjoint of aj-. a, = {PV)~^aj(PV). 
We emphasize that it is a difficult task to set a suitable a^ and then to determine its PV- 
pseudo-Hermitian adjoint because the coupling term appears in the noncommutative case 
(see eq. fHTl) ). After making numerous attempts we at last work out a^, 

ttj = -i [rjjk + iejk)Xk + {irjjk — ejk)'Pk ) , (summation for repeated subscripts), (51) 

where r]jk = diag(l, —1), and therefore obtain its PV-pseudo-Hermitian adjoint by consider- 
ing eqs. (|46|), (|48l) and (|49|), 



aj = -( [rjjk — iejk)Xk — (iVjk + ^jk)'Pk ) , (summation for repeated subscripts). (52) 

We can show that the algebraic relations of aj and ah are same as eq. (1291) . which is our 
desired result. Further, we give the number operator which is PV-pseudo-Hermitian self- 
adjoint, 

M, = a]a,, J = 1,2, (53) 

and find that A/^-, aj and a^- have the same commutation relations as eq. fl3T|) . Similarly, for 
a given set of eigenstates of the number operator Mj, i.e. ■N'j\nj) = nj\nj), we can prove (see 
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below) that a/- and aj are indeed the creation and annihilation operators we are looking for, 
that is, they satisfy the property of ladder operators eq. (I33l) . 

Now we can write the Hamiltonian eq. ( H7|) in a completely diagonalized form by means 
of the number operator A/i, 

u = ^Ui + U2 + i) + \{e+ ~e){Ui - U2) + {a^ + b^), (54) 

and easily give the real and positive energy spectrum up to the first order of the noncom- 
mutative parameters, 

^nin2 = K+n2 + l) + ^(^ + ^)(ni-n2) + (A2 + fi2)^ ^ , 712 = 0, 1, 2, ■ • • . (55) 

Note that the first order correction of the spectrum is proportional to the difference between 
the eigenvalue of oscillator ^\ and that of oscillator "2. We point out that the first order 
correction of the energy spectrum is vanishing when the noncommutative parameters satisfy 
the special relation ^ + ^ = 0, in which case higher order corrections might be considered. 
Moreover, if Q^Q ^ but ni—n2 = 0, i.e. the energy eigenvalues of oscillator "l and oscillator 
"2 equal, there is no first order correction for the spectrum, either. For instance, it is obvious 
that the energy level of the ground state is not modified because of ni = n2 = 0. However, 
we emphasize that the noncommutative corrections of the eigenfunction are non-vanishing 
even for the two special cases because the eigenfunction, as stated in the above section, has 
the same formulation (see the next paragraph for a detailed analysis) as eqs. ( l35l) and ( l36l) 
with the replacement of Xj by the new coordinates Xj (j = 1, 2) given in eq. (l44l) and thus 
contains the noncommutative parameter 9 through Xj. This would be seen more evidently 
from eq. (ISlll which is the diagonalized form of eq. (H71) . 

We turn to the proof of the positive-definite inner product in the noncommutative case, 
which shows as in the commutative case that a, and aj are the creation and annihilation 
operators that satisfy the property of ladder operators eq. ( l33l) . Because the coupling term 
is commutative with the Hamiltonian of oscillator "l and oscillator "2 in eq. fHTl) . that iqj. 



x,v, - X,V2, \{vl + X',) + ]^{vl + xl 



0, (56) 



we conclude that the eigenfunction of the total Hamiltonian (eq. ( HTll ) is the product of the 
eigenf unctions of the oscillator "l Hamiltonian and oscillator "2 Hamiltonian. As a result, 
it takes the same form as that obtained in the above section just with the replacement of 
Xj by Xj {j = 1,2) given in eq. (jS]). For example, the eigenfunction of the ground state 
for one of the oscillators is: foi'^j) = ^6^P(~i'^/ + ^j^j)^ where j = 1,2, and repeated 
subscripts do not sum. Similar to the commutative case in section 3 (see eq. (IMj) ). by 



*Such a commutativity can be seen more clearly from eq. ([M| , i.e. [A/i — JV2,Mi + A/'2 + 1] = 0. 
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using V|0) = (-l)^i+^2-i|o) = (_i)M+A/-2|o) = |o), we have (0|PV|0) = (0|P|0), and can 
therefore prove the normahzation of the generahzed inner product of the ground state in 
terms of the Cauchy's residue theorem together with the contour chosen in Figure 1, i.e. 
(0|PV|0) = (0|P|0) = 1. Moreover, we can also prove the orthogonahty and normahzation 
of the inner products of excited states, hke eq. fl371) for the noncommutative case. This 
completes the proof of the positive definiteness of the generalized inner product defined by 
eq. (HD with 1]+ = PV. 

As analyzed in section 3 for the commutative case, we can verify straightforwardly from 
eq. (15^ that the Hamiltonian possesses the PV-pseudo-Hermiticity in the noncommutative 
case, i.e. "H = (PV)^^'H^(PV), which shows that the construction of operator V is consistent 
with the original P-pseudo-Hermiticity. As a consequence, in the noncommutative general- 
ization we find that the reality of energy spectra with lower boundedness and the positive 
definiteness of inner products maintain if we choose PV as the pseudo-Hermitian symmetry 
for the system depicted by the Hamiltonian eq. (H3|l . eq. (147|) . or eq. ( 15^ . The reason relies 
on the existence of the r^^-pseudo-Hermiticity without which such properties may not be 
maintained in both the commutative and noncommutative cases. Incidentally, it is quite ev- 
ident that the eigenvalues and eigenfunctions of our noncommutative generalization reduce 
to their commutative counterparts (see section 3) when the parameters 9 and 6 tend to zero. 
This shows that our noncommutative extension is consistent. 

5 Conclusion 

In this paper, we provide a general algebraic method for an arbitrary ?7-pseudo-Hermitian 
quantum system and note that the crucial point of this method is to find out a suitable 
rj^ (positive-definite metric) which corresponds to a real spectrum and a positive-definite 
inner product. The pseudo-Hermitian system with such properties can then be accepted 
quantum mechanically. We apply our method to a P-pseudo-Hermitian system and then 
extend it to the canonical noncommutative space with both noncommutative spatial coor- 
dinates and noncommutative momenta. For the two systems, we find out the specific r]^ 
operators and prove the reality of energy spectra and the positive definiteness of inner prod- 
ucts, and moreover, to the latter system we obtain the first order correction of spectra to 
the noncommutative parameters. Here we have to mention an earlier work [20] which also 
dealt with a non-Hermitian Hamiltonian system. Although the real spectrum was given 
there, the non-Hermiticity of Hamiltonian was not properly treated and more severely the 
positive-definiteness of inner products was completely ignored. In fact, the annihilation and 
creation operators defined in ref. [20] are no longer Hermitian adjoint of each other due to 
the non-Hermiticity of Hamiltonian, which gives rise to the problems pointed out above. We 
have solved the problems in terms of our proposal of the algebraic method. In addition, we 
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emphasize that it is not inevitable to adopt the biorthonormal basis for pseudo-Hermitian 
systems, and that it is enough to use the usual orthonormal basis with a suitable choice of 
the operator r;+ and a corresponding redefinition of annihilation and creation operators. At 
last we just mention that we have applied the algebraic method to the fourth-order derivative 
Pais-Uhlenbeck oscillator model |2l] that can be brought within the framework of pseudo- 
Hermitian systems, and in particular have found [12] a new phenomenon — the spontaneous 
breaking of permutation symmetry in this model. 

As a further consideration, it is interesting to investigate the conservation of probabil- 
ity in the noncommutative generalizations of pseudo-Hermitian systems. The conservation 
of probability remains obviously in our noncommutative generalization of the P-pseudo- 
Hermitian system, see eqs. flTSj) and f H3|) . However, a general pseudo-Hermitian system on 
noncommutative spacetimes usually contains complicated potentials and thus its conserva- 
tion of probability is not so obvious as in our model. Related problems are being studied 
and results will be given separately. 
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